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We investigate the dynamics of spin-nonequilibrium electron systems in the hydrodynamic flow
regime, when the normal scattering processes, which conserve the total quasi-momentum of the
system of electrons and quasi-particles that interact with them, dominate over other scattering
processes. We obtain a set of spin-hydrodynamic equations for the case of an arbitrary electron
spectrum that varies slowly with the coordinates. Solving the one-dimensional non-linear problem
we found the exact solutions both for the electrical potential in the open-ends circuit and for the
spin-electrical oscillation in an inhomogeneous conducting ring. As we demonstrate , the oscillation
characteristics are different in the cases of a magnetic ring and a non-magnetic ring to which the
spin polarization was injected. We found also that a voltage between the ends of the open circuit
may reveal the presence of an inhomogeneous spin polarization of the electron density.
PACS numbers: 72.25.Hg, 72.25.Mk, 73.40.Sx, 73.61.Ga
The perspectives of the spintronics, methods of gener-
ation and control of nonequilibrium spin-polarized states
in nonmagnetic conductors are widely discussed recent
years, see, e.g., [1]. A number of promising devices have
been proposed. However, usually, the main attention
has been paid to the cases when one may neglect by the
electron-electron scattering. Some effects of the electron-
electron scattering in the spin dynamics were considered
in Refs. [2-4], but not in the case of the hydrodynamic
electron flow [5] when the electron-electron scattering
dominates and the electron system should be considered
as a liquid with its inherent effects of the stead-state flow
and non-steady-state flow.
Meanwhile, a hydrodynamic flow is quite real in
nanosystems based on the semiconductors and semimetal
structures as well as in electron systems over the liquid
helium surface [6]. The main condition is the following.
The transport electron mean free path should be deter-
mined by the ”normal” collisions that conserve the total
momentum of the system of interacting particles. They
may be electron-electron collisions or electron-phonon
collisions (when phonons are tightly coupled to the elec-
tron system and they do not remove the momentum from
the system but they quickly return it back into the elec-
tron system). Note here, that some hydrodynamic effects
were observed experimentally in a high-mobility electron
gas in heterostructures [7].
In the hydrodynamic flow regime, the state of the elec-
tron liquid at the position r is described by two variables:
(I) the velocity u(r) and (II) the liquid density ρ(r).
When our electron system is spin-polarized, the densities
of the spin components differ from each other and the
electron liquid should be considered as a two-component
mixture, and the density variables have the spin indexes,
i.e., ρσ(r). Meanwhile, in the leading approximation, the
velocity is the same for all the spin components. The
reason is that frequent collisions between electrons with
different spins form a common drift of the electron sys-
tem.
Moreover, we have to regard the electron liquid as in-
compressible if the geometric size of a conductor is larger
than the electron screening radius which is comparatively
small in metals and heterostructures. Though the total
electron density is fixed, the ratio of the densities of the
spin components may vary along the conductors.
Obviously, the incompressibility and the equal veloc-
ities of the spin components lead to the fact that the
total current through the channel cross section, I, does
not depend on the coordinate along the channel and it
is distributed between the spin components in the cer-
tain proportion. In Ref. [8] we have found that in the
case of a magnetically inhomogeneous ring, both the spin
polarization and the drift current, I, may oscillate simul-
taneously with a large decay time. The frequency of the
oscillation is determined by the parameters of the inho-
mogeneity.
The nature of these oscillations is the following. Due
to the spin inhomogeneity of the ring, the electron drift
causes appearance of a nonequilibrium spin polarization,
i.e., an accumulation of the nonequilibrium densities of
the spin-up and spin-down components occurs (while the
total density is conserved). The accumulation exists un-
til the moment when the drift is stopped due to the in-
teraction of the nonequilibrium spin density with a field
that induces the inhomogeneity of the electron spectrum.
However, electrons have inertial masses and the process
will evolve back. We call this oscillation process a ”spin
pendulum.” Note, the existence of the well-known hy-
drodynamic waves, which frequencies are less than the
plasma frequency, is impossible here due to the Coulomb
2interaction. Consequently, ”spin-pendulum-like” oscilla-
tions are the only possible oscillations of the system in
this case.
In Ref.[8] we solved a problem of the two-component
electron liquid in a conducting ring in the linear ap-
proximation on the non-equilibrium addition to the elec-
tron distribution. However, when the spin polarization is
caused by the spin injection into the non-magnetic ring
(see, e.g. [1]), the linear approximation is faulty even
when the injection level is small: the spin-electrical oscil-
lation is absent in the linear approximation. In the given
work we obtain the exact solution of the problem both
for the magnetic and non-magnetic conducting channels.
SPIN-HYDRODYNAMIC EQUATIONS
The hydrodynamic equations for the incompressible
electron liquid have been obtained in Ref. [8] by ex-
panding of the kinetic equation in series in the small hy-
drodynamic parameters: lN/li, lN/L << 1, where lN is
the electron mean free path as to the normal collisions
that conserve the total momentum of the system of in-
teracting particles, li denotes the mean free path as to
the all the collisions that dissipate the momentum of the
quasi-particles, L is the size of the conductor.
In Ref. [8] we used some additional approximations: all
terms with the drift velocity u have been obtained both
in the linear approximation on u and in the main approx-
imation on the non-equilibrium addition to the electron
density. Below, we generalize the approach for the case
of arbitrary values of deviation on the equilibrium state.
Note, the relaxation processes which lead to decay of
the spin oscillation is of no interest for us here (as we dis-
cussed it and the corresponding decay times in Ref.[8]).
Consequently, to obtain spin-hydrodynamic equations it
is enough to write both the law of conservation of the
number of electrons in each of spin states and the law of
conservation of the total quasi-momentum of the electron
system. Thus, we may write
∫
Kdrpσ = 0,
∫
pKdrpσ = 0 (1)
K =
∂n
∂t
+ v
∂n
∂r
−
∂(ε+ eϕ)
∂r
∂n
∂p
n(ζ) =
(
eζ/kT + 1
)−1
, ζ = ε− up− µσ
There are the conditions of solvability of the first ap-
proximation (on the small hydrodynamic parameters) of
the quasi-classical kinetic Boltzmann equation. (The way
of derivation of the hydrodynamic equation is discussed
elsewhere, see, e.g. [9].) We assume also that the spin-flip
process is vanishing.
Here p and v are the quasi-momentum and velocity
of an electron, correspondingly, T is the temperature, r
is the dimensionality of the quasi-momentum space and
integration on the drpσ is the integration on that region
of the quasi-momentum space which corresponds to the
certain spin state of electrons. n(ζ) is the main approx-
imation to the electron distribution function, µσ is the
spin-dependent chemical potential. The electrical poten-
tial ϕ appears due to the fact that the electron system
is in a nonequilibrium state. Within the quasi-classical
approach it is assumed that the electron energy spec-
trum depends on the coordinates and momentum. Here,
we have to account a spin index too:ε ≡ εσ(p, r) (see
Ref. [10]). Using this approach we assume that both the
atomic spacing and the electron wave length are small as
to compare with the L, that is the characteristic scale of
the electron space-dependent spectrum.
Here we should note the following. Let the spin split-
ting of the electron bands,∆, is the least characteris-
tic energy. In the ballistic case, the quasiclassical ap-
proach is valid when ~/∆ << L/v. But, when collisions
are frequent, the ”quasiclassical” condition is compara-
tively mild. Indeed, the characteristic time of the energy
changes is not the L/v as it was in the ballistic case, but
it is the diffusion time L2/lv.
After transforming the integrals in Eq.(1) (see Ap-
pendix) we obtain the following set of equations
∂ρσ
∂t
+ divρσu = 0 (2)
∂gi
∂t
+∇kPik + eρ∇iϕ−∇
′
iP = 0 (3)
ρ =
∑
σ
ρσ (4)
Here ρσ is the spin-dependent current density, g is the
density of quasimomentum, Pik is the tensor of the quasi-
momentum flux (see the corresponding equations in Ref.
11 for the case of the quadratic spectrum)
ρσ = (2pi~)
−r
∫
n(ζ)drpσ,
g = (2pi~)−r
∫
pn(ζ)drp,
Pik = giuk + Pδik, P = (2pi~)
−r
∫
V (ζ)n(ζ)dζ (5)
Here P is a hydrodynamic pressure, V (ζ) is a volume of
the region in p-space that is bounded by the following
surface
εσ(p, r)− up− µσ = ζ (6)
Note, in Eq.(3) we wrote the operator ∇′ which means
only that part of the operator ∇ which takes into acount
space dependence of the electron spectrum εσ(p, r), in
other words (∇−∇′)P =
∑
σ
∂P
∂µσ
∇µσ +
∑
k
∂P
∂uk
∇uk.
3As is seen from Eq.(3), the total force, which acts on
the electron system, is caused both by the electrical field
and by the inhomogeneitiy of the electron spectrum (the
last term in Eq.(3)).
Differentiation of Eq.(6) with respect to coordinate
gives (see, appendix)
∂P
∂µσ
= ρσ,
∂P
∂u
= g (7)
The first equation corresponds to the well-known ther-
modynamic equation (see Ref. 12). Consequently, we
may rewrite equation (3) in the following form
∂gi
∂t
+
∑
k
(∇kgiuk + gk∇iuk) +
∑
σ
ρσ∇iµσ + eρ∇iϕ = 0
(8)
Additionally, we have into account that our electron
liquid is uncompressible and add to Eq. (2) and (8) the
following condition
ρ(r) = Const(t) (9)
Thus, we obtain the full set of non-linear equations for
functions µσ(r, t) and u(r, t) which takes into account
that ρσ and g are functions on µσ, u and coordinate r
(the relation is determined by Eq.(7) where the hydrody-
namic pressure P depends on the µσ, u, and, moreover,
it is emplicity dependent on r, too). Note, in the linear
approximation on deviation of the system on the equi-
librium state (i.e. on u and that part of the µσ which
depends on the coordinate) this set of equation is equiv-
alent to the set of the linear equations which has been
obtained in Ref.8.
The set of spin hydrodynamic equations may be simpli-
fied essentially when the electron spectrum is quadratic
on p. Let εσ(p, r) = p
2/2m+ ασ(r). In the sake of sim-
plicity we assume that the electron mass does not depend
on the spin indexes and coordinates. Thus, we may write
g = muρ, ρσ = ρσ(µσc −ασ), µσc = µσ +mu
2/2 (10)
In this case we obtain from Eqs. (2),(8), (9) and (10) the
following set of equation
∂ρσ
∂t
+ divρσu = 0 (11)
ρ
{
m
[
∂u
∂t
+ (u∇)u
]
+ e∇ϕ
}
+
∑
σ
ρσ∇µσc = 0 (12)
ρ(r) = Const(t) (13)
ρσ = ρσ(µσc − ασ) (14)
Here we introduce the chemical potential in the co-
moving frame of reference, µσc. Equation (12) we wrote
in the form which is similar to the Euler equation [11]
and used equations (11) and (12).
ELECTRICAL FIELD IN THE OPEN-END
CIRCUIT
In Ref. 8 we solved a one-dimensional spin hydrody-
namic problem for the open-end circuit in the approxima-
tion which is quadratic on the nonequilibrium addition
to the chemical potential. Thus, we found the voltage
between the ends of the circuit. Note, it is not necessary
for electron spectrum to be one-dimensional, even though
the whole problem is one-dimensional. The intercoupling
between the voltage and spin polarization provides us a
simple way to reveal the presence of inhomogeneous spin
polarization of the electron density. It is enough to mea-
sure the voltage between the open ends of the circuit.
Let us find the relation in the general non-linear case.
It is clear that current flow is impossible in a circuit
with the open ends, u = 0, and we have to solve a steady-
state problem. From Eq. (12) we obtain
ϕ(L)− ϕ(0) = −e−1
∫
ρ−1
∑
σ
ρσ(µσ, x)
dµσ
dx
dx (15)
Here we assume that non-equilibrium chemical potentials
µσ(x) are the specified functions on the coordinate along
the circuit x. L is the length of the circuit.
Let the circuit was magnetically uniform before the
spin injection, i.e. ρ does not depend on the coordinate
and non-equilibrium additions to the spin-dependent
electron density, ρσ, depend on the x-coordinate (due
to the fact that corresponding µσ are the functions of
the x). Taking into account (7) we have
ϕ(L)− ϕ(0) = −(eρ)−1{P [µσ(L)]− P [µσ(0)]} (16)
Owning to the incompressibility condition (7), func-
tions µσ(x) in (15) and (16) are not independent, they are
coupled by the following condition:
∑
σ ρσ(µσ, x) = ρ.
Consequently, we obtain that δρσ = −δρ−σ. As a re-
sult the voltage between the ends (see Eqs. (15) and
(16)) is just due to the spin polarization of the circuit.
Specifically, within the quadratic two-dimensional spec-
trum (r = 2) at T = 0 we obtain
δP =
pi(2pi~)2
2m
[
(ρ↑e − ρ↓e)δρ↑ + δρ
2
↑
]
(17)
Here δP is a nonequilibrium addition to the pressure,
ρ↑e, ρ↓e are the equilibrium densities of the spin compo-
nents (ρ↑ = ρ↑e + δρ↑).
To avoid misunderstanding we should note the follow-
ing. Both the x-dependent non-equilibrium electron den-
sities, δρσ , and the spatially-dependent voltage exist
during the limited time after the injection moment. The
life-time scale does not exceed either the spin-flip time or
the time of electron diffusion on the length L.
4SPIN-ELECTRICAL OSCILLATION IN THE
CONDUCTING RING
Evidently, the electric current may flows in the circuit
if we loop it. As it mentioned above, of special interest
is the case when our conducting channel (ring) is mag-
netically inhomogeneous, i.e. when ρσ depends on the
coordinate along the circuit. (In Ref. 8 we discussed
some ways to provide it.) Let us demonstrate that corre-
sponding non-linear problem (see Eqs.(11)-(14)) can be
solved exactly.
Really, one can solve the problem due to the following.
Incompressibility of the electron liquid (Eq.(13)) together
with the fact that the number of electrons is conserved
(Eq.(11) summed on σ ) lead both to the homogeneous
distribution of the current along the circuit, I = ρu, and
to the fixed spreading of the spin components in the total
current: Iσ = ρσu = Iρσ/ρ . Thus, we may write the
continuity equation (11) in the form
∂ρσ
∂t
+ I
∂(ρσ/ρ)
∂x
= 0 (18)
where x is the coordinate along the ring. The solution of
Equation (18), ρσ, at an arbitrary time-dependent func-
tion I(t) may be written as
ρσ(x, t) = ρσ[xs(x, t), 0]
ρ(x)
ρ(xs)
(19)
This equations give us the spatial distribution of the
spin density as a function of the initial distribution
ρσ[xs(x, t), 0], where xs(x, t) is the coordinate of the
starting position of an elementary volume of the electron
liquid that is in the position x. The dependence xs(x, t)
is given by the motion equation
dx
dt
=
I(t)
ρ(x)
(20)
In view of the multiplicative dependence of the move-
ment velocity on the coordinate and time, it is conve-
nient to introduce a new variable y which is related to
the coordinate x in the following manner: dy = ρ(x)dx.
Equations (19) and (20) then may be written as
ρσ(y, t) = ρσ(y − Y, 0)
ρ(y)
ρ(y − Y )
,
Y (t) =
∫ t
0
I(t′)dt′ (21)
Equation (12) we rewrite in the following form
m
ρ
∂I
∂t
+
1
2
∂u2
∂x
+
1
ρ
∑
σ
ρσ
∂µσc
∂x
+ e
∂ϕ
∂x
= 0 (22)
Note, the second and the forth terms are the deriva-
tives of the single-valued functions. Then, after integra-
tion over x along the ring we obtain the following equa-
tion for current
m
dI
dt
∮
dx
ρ
+
∑
σ
∮
ρσ
ρ
∂
∂x
µσcdx = 0 (23)
(To make our notation clear, below we omit the index
”c” on the chemical potential µ).
Let us demonstrate that equation (23) can be rewritten
in the form of the Newton equation
mY¨ = −
dU(Y )
dY
(24)
The potential energy U(Y ) will be found in the general
form below. It is well-known, see, e.g. [13], that the
problem of the one-dimensional motion of a particle may
be solved exactly for an arbitrary potential.
Firstly, taking into account Eq.(21), we rewrite the
second term in Eq.(33) by changing the variables and
integrating by parts
Qσ =
∮
ρσ
ρ
∂
∂x
µσdx = −
∮
δµσ
∂
∂y
ρσ
ρ
dy =
= −
∮
δµσ
∂
∂y
fσ(y − Y )dy (25)
fσ(ξ) =
ρσ(ξ, 0)
ρ(ξ)
(26)
Here we have no terms outside the integral, as the in-
tegrand is a periodical function on y. δµσ is the non-
equilibrium addition to the chemical potential,δµσ =
µσ−µe, where the constant µe is the equilibrium part of
the chemical potential.
According Eq.(10), ρσ are the specified functions of
ησ = µσ − ασ . Consequently, using the inverse func-
tion ησ(ρσ) we ascertain that chemical potentials may
be written as functions on the fσ(y − Y ) and specified
functions on coordinates ασ and ρ
δµσ = ησ(fσ(y − Y )ρ(y)) + ασ(y)− µe (27)
Taking into account Eq.(27) we may rewrite Eq.(25) for
Qσ in the given form
Qσ =
∂
∂Y
∮ ∫ ρfσ(y−Y )
a(y)
[ησ(χ) + ασ − µe]ρ
−1dχdy (28)
Note, integrating Eq.(28) over the variable χ we have
to assume that ασ and ρ are the task parameters, and
the function a(y), which does not depend on the Y , is an
arbitrary function. As our function Qσ in Eq. (28) has a
form of a derivative on the Y we may write the potential
5U(Y ) in Eq.(24) in the form
U(Y ) =
∑
σ
∮ ∫ ρfσ(y−Y )
a(y)
[ησ(χ) + ασ − µe]
ρ
dχdy
∮
dx
ρ
,
fσ(ξ) =
ρσ(ξ, 0)
ρ(ξ)
(29)
Here we should note that it is enough to posses the in-
compressibility condition for the density distribution (see
Eq. (13) ) just in the moment after injection,
∑
σ fσ = 1.
Within the model of a ”quadratic spectrum”, equation
(29) is valid at an arbitrary ”shift”, Y , of the density
distribution on its initial position and for the arbitrary
deviation of the initial distribution ρσ(x, 0) on its equi-
librium value, ρeσ,
ρeσ(y) = ρσ(µe − ασ) (30)
However, we have to take into account that possible
deviations are limited by the case ρσ = 0 for one of the
spin components. In that case, variation of the other
component leads to the violation of the incompressibil-
ity condition (13) for the electron liquid. The range
of applicability of the theory may be extended essen-
tially at low level of spin non-equilibrium density when
δρσ = ρσ − ρeσ << ρeσ. In this case the value of the
fσ is close to the equilibrium value, feσ = ρeσ(y)/ρ(y).
Comparing this equilibrium value with the fσ(y − Y ) in
Eqs. (26) we conclude that the non-equilibrium addition
is small at an arbitrary Y when both feσ and fσ are
closed to 0,5. In other words, when spin polarization of
the conductor is small both before and after injection.
In the case of the non-magnetic conductors (or, if our
conductor is very bad magnetic) this condition means a
low level of spin injection: ρσ(y, 0)/ρ(y)− 1/2 << 1 (but
the amplitude of oscillation may has an arbitrary value).
In the case of the good magnetic, we have an additional
condition: Y << Lρ , i.e. the shift should be small.
Under the given conditions the set of equations (2),
(8), (9) (it is valid at an arbitrary spectrum) leads to
”the Newton equation” (24) as it was in the case of the
quadratic spectrum. Really, in Eq.(8) we may neglect by
the second and third terms (which include both g and u,
so they are the second order terms on the u) as compared
with the first term which is the first-order term on the u.
In the main approximation we may write the density
of quasimomentum in the following form
g = mρu,mρ = (2pi~)−r
∫
p2x
(
−
dn
dε
)
drp (31)
Consequently, in that approximation we may obtain
the ”Newton equation” (24) in a manner like the de-
scribed above, but with the potential which differs on
(29) by the coefficient. However, δµσ, which is a func-
tion of the ρσ (see the expression in quadratic brackets in
(29), and Eqs. (27),(28)), have to be expanded it in series
on the small deviation of the density on its equilibrium
value
δµσ =
χ− ρeσ
Πeσ
(32)
Here the equilibrium density of states Πeσ = (
dρσ
dµσ
)e.
Note, that in the main approximation we may neglect by
the dependence of the density ρσ on u (that appears in
the second order on u ) and assume that in each point
of circuit ρσ is a function on µσ only. Integration on χ
yields for the potential
U = m
∑
σ
∮
ρ(y)[fσ(y − Y )− feσ(y)]
2
Πeσ(y)
dy
2
∮
m
ρ
dx
(33)
Integrating (29) on χ we put a(y) = ρeσ(y). Generally
speaking, the effective mass m depends on the coordinate.
Note, the density of states, Πσ, does not depend on
the chemical potential for the two-dimensional system
with quadratic electron spectrum at T = 0. Thus, inde-
pendent on the level of deviation of the system on the
equilibrium state, the equations (32),(33) are the exact
expressions, Πeσ = 2pim(2pi~)
−2,m = m.
We should stress here, that the oscillation of the
spin density is quite different in the magnetic and non-
magnetic conductors, as it is seen from Eq.(33). In mag-
netic conductors, when ρeσ have spin indexes, one may
excite the oscillation without spin injection.
In this case, the oscillation arises even if ρσ(y, 0) =
ρeσ(y), it is enough to create the initial current pulse.
The frequency of the small amplitude oscillation, Y <<
Lρ , one may found from Eq. (24), (33)
ω2 =
∮ (
ρe↑
ρ
)′2
1
Π∗e
dx
(∮
m
ρ
dx
)−1
,
1
Π∗e
=
∑
σ
1
Πeσ
. (34)
Here the ”up arrow” corresponds to the one of spin com-
ponents, a prime denotes differentiation with respect to
x. This result is identical to that obtained in [8].
In the case of non-magnetic conductors, we may
rewrite Eq.(33) as
U = 2m
∮
ρ(y)
Πe(y)
[
δρ↑(y − Y, 0)
ρ(y − Y )
]2
dy
∮
m
ρ
dx
(35)
where Π(µ) is the total density of states. In this case,
the oscillation will be induced by the spin injection. The
6small amplitude oscillation will arise if the position Y = 0
is closed to the minimum point of the potential U(Y ).
The frequency of oscillation is ω =
√
(d2U/dY 2)min/m
and it is proportional to the spin injection level.
In summary, we obtain the set of spin-hydrodynamic
equations in the general case of spatially inhomogeneous
electron system and an arbitrary electron spectrum. We
found the exact solutions for the following non-linear one-
dimensional problems. Firstly, we found a voltage be-
tween the ends of the open-ended spin polarized circuit.
Within the model of quadratic electron spectrum we re-
duce the problem of spin-electrical oscillations in a mag-
netically inhomogeneous conducting ring to the problem
of non-linear oscillator. In this case we obtain the expres-
sion for the oscillator’s potential energy which is exact at
an arbitrary value of deviation of the system on the equi-
librium. In the case when deviation of the spin density on
its equilibrium value is small (but the amplitude of the
oscillation has an arbitrary value) our results that was
obtained for the quadratic spectrum model are valid for
an arbitrary electron spectrum. The analysis of the exact
results that we obtain allows us to reveal the qualitative
difference between spin-electrical oscillations in magnetic
and non-magnetic conductors.
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searches State Fund of Ukraine, President of Ukraine
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APPENDIX
To obtain equation (2) from the equation
∫
Kdrpσ = 0
in (1), we have perform the following manipulation with
the integrals
∫ [
v
∂n
∂r
−
∂(ε+ eϕ)
∂r
∂n
∂p
]
drpσ =
∂
∂r
∫
vndrpσ =
=
∂
∂r
[
u
∫
ndrpσ +
∫
(v − u)ndrpσ
]
(A1)
Performing the first transformation we integrate the sec-
ond term by parts taking into account that ∂ε
∂p
= v. The
last integral in the right-hand part is zero as it follows
from
∫
(v − u)n(ζ)drpσ =
∫
dζn(ζ)
∮
dS(v − u)
|v − u|
Here dS is the elemental surface area of the surface ζ =
ε − up − µσ. The integral on dS is zero,
∮
dS = 0, we
take into account also that
∂ζ
∂p = v − u.
Equation (3) follows from the equation
∫
pKdrp = 0
in (1) by the given transformations
∫
pi
[
v
∂n
∂r
−
∂(ε+ eϕ)
∂r
∂n
∂p
]
drpσ =
=
∑
k
∂
∂rk
∫
pivknd
rpσ +
∫
∂(ε+ eϕ)
∂ri
ndrpσ
(A2)
Integrating by parts we assume that near the edges
of the Brillouin zone the occupancy is vanishing and we
may neglect by the integrated term. Let us transform
the integral in the following way
∫
pi(vk − uk)nd
rpσ =
∫
dζn(ζ)
∫
dSkpi =
= δik
∫
V (ζ)n(ζ)dζ (A3)
Here we transform the integration on a closed surface
to the integration on the volume in the p-space that is
bounded by the surface. In other words, the integral is
written via the pressure P in eq. (5). Now, let us find
the changes of the volume dVσ(ζ) for each of the spin
components under the changes of the chemical poten-
tials, velocity, and coordinates. We have to differentiate
equation (6) under the constant ζ. Thus, we obtain
|v − u|dpσ = dµσ + pdu−
∂ε
∂r
dr (A4)
Here dpσ is the displacement normally to the surface of
constant energy ζ. Then, dVσ(ζ) = dSσdpσ and we may
write
dP = (2pi~)−r
∑
σ
∫ [
dµσ + pdu−
∂ε
∂r
dr
]
ndrpσ
(A5)
Obviously, equation (7) is follows from Equations (A5)
and (5), and taking into account (A2), (A3) we obtain
equations (3), (8). To obtain (3), we have take into ac-
count that the third term in quadratic brackets in (A5)
after differentiation of P on the coordinate will be can-
celled by the corresponding term in the right-hand part
of the (A2).
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